Introduction
The loading margin can be defined as the additional load that the system can provide without exceeding a technical limit and ensuring that a voltage collapse does not occur. The voltage collapse is associated with the appearance of a Saddle-Node Bifurcation (SNB) or a Limit-Induced Bifurcation (LIB) in the equations of the system. Typically, technical limits are bus voltage limits and line thermal limits. Exceeding these limits does not drive the power system to and immediate emergency situation but should be avoided since they can initiate cascade line tripping phenomena [1] .
One of the first techniques used to determine the maximum loading condition of a power system was the Continuation Power Flow (CPF) [2] . This technique consists in computing a series of power flows while increasing the overall loading level of the system. The CPF is shown to be robust even for solutions close to the collapse point, which is typically a critical point from both the physical (blackout) and numerical (singularity of equations) point of view.
It can also be demonstrated that the CPF analysis, if used for determining the maximum loading condition, is a gradient reduced method [3] . This notable fact has been exploited to use optimization methods rather than the CPF analysis.
The computation of the maximum loading condition is only a part of the information that can be useful to avoid instability. One can be interested in determining how the parameters of the system affect the loading margin. This is useful both to determine the most critical parameters and to design an effective corrective action to avoid the collapse. This information can be obtained by a sensitivity analysis at the maximum loading condition.
The sensitivity analysis has relevance in several practical applications.
For example, to define the most critical contingency, to properly set up primary and secondary voltage regulation, to determine parameters which mostly affect inter area power transfers and to determine the reactive power compensation and for sizing FACTS.
In the literature, the problem of sensitivities calculation for the maximum loading condition has been tackled through two procedures. The first one is based on the numerical calculation of the sensitivities. This procedure leads to high computational cost. In the second one, the CPF is used to obtain the loading margin of the system and sensitivities calculations are based on the linearization of the system equations at the critical point. This procedure allows obtaining sensitivity expressions but each expression depends on the system situation at the maximum loading condition [4] .
In this work, we propose generalized sensitivity expressions based on the solution of a Voltage Stability Constrained Optimal Power Flow (VSC-OPF) problem. These expressions use the dual variables (Lagrangian multipliers) at the optimal solution and the properties of the Karush-Kuhn-Tucker (KKT) optimality conditions.
OPF-based Maximum Loading Condition Problem
In this work, the following general optimization problem is used to represent a maximum loading condition problem:
subject to
where the vector x ∈ IR 
Objective function
The objective function used in this work is:
Minimizing −λ corresponds to find the maximum loading condition that can be either associated with:
1. voltage stability limit (collapse point) corresponding to a system singularity (saddle-node bifurcation);
2. system controller limits like generator reactive power limits (limitinduced bifurcation).
3. thermal or bus voltage limit.
Equality constraints
Equality constraints h are the power flow equations and the current flows in transmission lines, as follows:
where n B is the number of buses, n L is the number of lines, G iι and B iι are respectively the real and imaginary part of admittance matrix, g iι + jb iι = 1/(r iι + jx iι ) and b i are the series admittances and shunt susceptances, respectively, obtained from the π-model of transmission line (i, ι), the variables
) and v (v ∈ IR n B ) are voltage angles and magnitudes, q G (q G ∈ IR n B ) are generator reactive powers,
in transmission lines, and k G (k G ∈ IR) is a scalar variable used to distribute the system losses among generators. Thus
According to typical assumptions in voltage stability studies, loads are assumed to have constant power factor, thus:
Furthermore, the loading margin λ increases generator and load powers as follows:
The total power injections and consumptions p 
Inequality constraints
In (1)- (3), the set of inequality constraints g represents the physical and security limits of the system. These limits take into account transmission line thermal limits:
generator reactive power limits:
1 It is assumed that there is one q Gi for each bus. If no generator is connected at the bus i, then q 
Sensitivity Expressions
In addition to the optimal operating point, the solution of the OPF-based maximum loading condition problem (1)- (3) provides a set of relevant sensitivities.
Associated with problem (1)- (3) is the Lagrangian function
In the following it is assumed that problem (1)- (3) has an optimal solution
The sensitivities of the loading margin with respect to parameters a.
dλ/da are derived from applying the KKT conditions to (13), as follows.
The KKT conditions with respect to system variables x and λ are:
where the Jacobian matrices with respect to x and λ are
and (15) as follows:
Furthermore, a feasible perturbation of equality and inequality constraints at the optimal point leads to the following expressions:
where the Jacobian matrices with respect to a are
Then, multiplying (18) 
and adding (20) and (21) leads to:
Finally, substituting (16) and (17) in (22), one has:
and thus the sensitivities of the loading margin λ with respect to parameters a are:
It can be shown that the sensitivity formulas available in the literature are particular cases of (24) [5] .
Case Study
In this section, the proposed technique for computing loading margin sensitivities is applied to a 6-bus test system. OPF results were obtained using GAMS-CONOPT, which is a suitable solver for nonlinear programming problems and provides both primal and dual solutions.
Three simulations have been run for this 6-bus test system:
1. Without generator reactive power limits at PV buses, without minimum voltage limits at PQ buses and without maximum currents in transmission lines. With these settings, the maximum loading condition is obtained at a SNB point.
Without minimum voltage limits at PQ buses and without maximum
currents in transmission lines. With these settings, the maximum loading condition is obtained at a LIB point.
3. With all limits included. In this case the maximum loading condition is determined by the current flow limit ψ max 11
in the transmission line from bus 5 to 6. Table 1 gives the values of λ at the maximum loading condition for the cases described above. As it was expected, the more the constraints that are included in problem (1)- (3), the lower the value of λ * . Table 1 provides also sensitivities dλ/dp Gi and dλ/dp Li , which were obtained using equation (24). Observe that a sensitivity can be defined even if the power supply or demand at the bus is zero. If dλ/dp Gi is positive, then dλ/dp Li must be negative, since p Gi is injected and p Li is consumed at the same bus i. Table 1 : Sensitivities dλ/dp G j and dλ/dp L j for the 6-bus test system. i dλ dp Gi dλ dp Li dλ dp Gi dλ dp Li dλ dp Gi dλ dp 
Conclusions
This work shows that if the maximum loading condition problem is formulated as an OPF problem, a general and closed expression for the loading margin sensitivities can be obtained from its solution. As the maximum loading condition is obtained as the solution of an OPF problem, the computation of sensitivities is accurate and computationally efficient. The proposed sensitivity expression allows computing loading margin sensitivities with respect to any system parameter. Existing sensitivity expressions are particular cases of the proposed formula.
